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The recent observations of type Ia supernovae strongly support that the universe is
accelerating now and decelerated in the recent past. This may be the evidence of the
breakdown of the standard Friedmann equation. Instead of a linear function of the matter
density, we consider a general function of the matter density to modify the Freidmann
equation. We propose a new model which explains the recent acceleration and the past
deceleration. Furthermore, the new model also gives a decelerated universe in the future.
The new model gives Ωm0 = 0.46 and zT = 0.44.
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The possible discovery of an accelerating universe from observations of Type
Ia supernovae (SNe Ia) leads to a new wave of interest in cosmology 1-4. Obser-
vational results also provide the evidence of a decelerated universe in the recent
past 5,6. On the other hand, the cosmic microwave background (CMB) observa-
tions indicate that the universe is spatially flat as predicted by inflationary models
7,8. These observations suggest that the universe is dominated by dark energy. One
simple candidate of dark energy is the cosmological constant. However, the unusual
small value of the cosmological constant leads to the search for dynamical dark en-
ergy models although cold dark matter cosmological constant (Λ-CDM) models are
consistent with the current observations. The quintessence model is one of the alter-
natives 9-15. But there is no direct evidence of dark energy and the nature of dark
energy remains mysterious. One logical alternative is that the standard Friedmann
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equation may need to be modified. In this alternative scenario, the universe is just
dominated by ordinary pressureless matter, but the laws of gravity and the stan-
dard Friedmann equations are modified. The idea of modifying the laws of gravity is
not new. The modified Newtonian Dynamics (MOND) was first used to explain the
rotation curve in place of the dark matter 16,17. In MOND, the Newtonian gravity
M/r2 is replaced with M/r2 +
√
M/r. Since M/r2 gives the standard Freidmann
equation H2 ∼ ρ, M/r2 +
√
M/r may provide a modified Friedmann equation
H2 ∼ ρ2/3 ln ρ + ρ2/3 17. Recall that the brane cosmology gives a non-standard
Friedmann equation H2 ∼ ρ+ ρ2 18. Along this line of reasoning, Freese and Lewis
recently proposed the Cardassian expansion in which the universe is dominated by
the ordinary matter and the Friedmann equation becomes H2 ∼ ρ+ ρn 19,20. The
Cardassian expansion model was later generalized to a more general Friedmann
equation H2 ∼ g(ρ) 19-25. In addition, several authors modified the Friedmann
equation as H2 + Hα ∼ ρ motivated by theories with extra dimensions 21. Fur-
thermore, Chung and Freese argued that almost any relationship between H and ρ
is possible if our universe is a three brane embedded in five dimensional spacetime
19. In this paper, we discuss an extra-dimension inspired model with generalized
Friedmann equation. We first review three models analyzed by Gong and Duan 25:
a model which is equivalent to the generalized Chaplygin gas model 26 in terms
of dynamical evolution, the generalized Cardassian model, and the DGP model 21.
Then we propose our new model and explore the property of this new model.
For a spatially flat, isotropic and homogeneous universe with both an ordinary
pressureless dust matter and a minimally coupled scalar field Q sources, the Fried-
mann equations are
H2 =
(
a˙
a
)2
=
8piG
3
(ρm + ρQ), (1)
a¨
a
= −4piG
3
(ρm + ρQ + 3pQ), (2)
˙ρQ + 3H(ρQ + pQ) = 0, (3)
where dot means derivative with respect to time, ρm = ρm0(a0/a)
3 is the matter
energy density, a subscript 0 means the value of the variable at present time, ρQ =
Q˙2/2 + V (Q), pQ = Q˙
2/2 − V (Q) and V (Q) is the potential of the quintessence
field. The modified Friedmann equations for a spatially flat universe are
H2 = H20g(x), (4)
a¨
a
= H20g(x)−
3H20x
2
g′(x)
(
ρ+ p
ρ
)
, (5)
ρ˙+ 3H(ρ+ p) = 0, (6)
where x = Ωm = 8piGρ/3H
2
0 = x0(1 + z)
3 during the matter dominated epoch,
1+ z = a0/a is the redshift parameter, g(x) = x+ · · · is a general function of x and
g′(x) = dg(x)/dx. Note that the universe did not start to accelerate when the other
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nonlinear terms in g(x) started to dominate. For the matter dominated flat universe,
ρ = ρm and p = pm = 0, we have x0 = Ωm0, g(x0) = 1 and x = Ωm0(1 + z)
3.
To compare the modified model with dark energy model, we make the following
identification by using Eqs. (1)-(6)
ωQ =
xg′(x)− g(x)
g(x) − x . (7)
In general, ωQ is not a constant. The transition from deceleration to acceleration
happens when the deceleration parameter q = −a¨/aH2 = 0. From Eqs. (4) and (5),
we have
g[Ωm0(1 + zq=0)
3] =
3
2
Ωm0(1 + zq=0)
3g′[Ωm0(1 + zq=0)
3], (8)
q0 =
3
2
Ωm0g
′(Ωm0)− 1. (9)
Gong and Duan analyzed three models by using the WMAP and supernovae
data 25. The first model is
g(x) = x+ (1− Ωm0)[As + (1 −As)(x/Ωm0)β ]1/β ,
which is equivalent to the generalized Chaplygin gas model pc = −A/ραc as dark
energy with β = 1+α and As = (8piG/3H
2
0 (1−Ωm0))βA in terms of the dynamical
evolution of the universe. The second model is the generalized Cardassian model
g(x) = x[1 +Bxα(n−1)]1/α,
where B = (Ω−αm0 − 1)/Ωα(n−1)m0 , α > 0 and n < 1− 1/3(1− Ωαm0). The third model
is the DGP model g(x) = [a+
√
a2 + x]2, where a = (1− Ωm0)/2.
Now let us consider a new extra-dimension inspired model g(x) = x(1 + e−αx)n
with α = − ln(Ω−1/nm0 − 1)/Ωm0 > 0. At high redshift z, x is very large and g(x) ∼
x. Therefore the standard model is recovered at early times. During the matter
dominated epoch, p = 0. Eq. (5) gives
a¨
aH20
= −1
2
x(1 + e−αx)n +
3
2
nαx2(1 + e−αx)n−1e−αx. (10)
To have a clear picture of this model, we plot the above function for different values
of α and n. From figure 1, it is clear that the expansion of the universe slowed down
until the recent past, then the expansion speeds up. However, there is an important
new feature of this model, the universe will not expand with eternal acceleration.
Therefore there is no future event horizon problem. We can also see from figure 1
that the standard expansion recovered at around z ∼ 2. If we would like to make a
comparison with dark energy model, then we get from Eq. (7)
ωQ0 =
n(1− Ω1/nm0 ) ln(Ω−1/nm0 − 1)
Ωm0(1− Ωm0)
.
In order to see the observational effect of this model, we use the Wilkinson Mi-
crowave Anisotropy Probe (WMAP) data 8 and the supernova (SN) data compiled
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Fig. 1. a¨/aH2
0
versus the redshift z for different Ωm0 and n
by Riess et al. 4 to fit the model. The parameters Ωm0 and n are determined by
minimizing
χ2 =
∑
i
[µobs(zi)− µ(zi)]2
σ2i
+
(Robs −R)2
σ2
R
, (11)
where σi is the total uncertainty in the SN observation and σR is the uncertainty
in R, the extinction-corrected distance moduli µ(z) = 5 log10(dL(z)/Mpc) + 25,
dL(z) = c(1 + z)
∫ t0
T dt
′/a(t′), the CMB shift parameter R ≡ Ω1/2m0H0dL(zls)/(c(1 +
zls)) = 1.716± 0.062 27 and zls = 1089± 1 8. The best fit parameters to the gold
sample SN data in Ref. 4 and the WMAP data are Ωm0 = 0.46
+0.09
−0.11 and n = 2.6
+4.7
−0.5
with χ2 = 181.4. The Ωm0 and n 1σ confidence contour is shown in figure 2. At
99.5% confidence level, we have n ≥ 1.7. By using the best fit parameters Ωm0 = 0.46
and n = 2.6, we find that ωQ0 = −2.85 and the transition redshift zT = 0.44. From
the dynamical Eq. (7) of ωQ, we see that ωQ ≈ −nα when the redshift z is large.
The current matter density and the transition redshift zT ∼ 0.5 are consistent with
the constraints obtained by some model independent results 4,14,28.
In conclusion, we propose a new model which explains the past deceleration and
the recent acceleration and recovers the standard model at early times. In addition,
the new model predicts that the expansion of the universe will slow down in the
future.
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Fig. 2. The left panel shows the 1σ confidence contour for Ωm0 and n and the right panel
shows the observational µ(z) plot and the theoretical µ(z) plot by using the best fit parameters
Ωm0 = 0.46 and n = 2.6.
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